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MILNOR INVARIANTS OF LENGTH 2fc + 2 FOR LINKS WITH 
VANISHING MILNOR INVARIANTS OF LENGTH < k 



YUKA KOTORII 
AKIRA YASUHARA 



Abstract. J.-B. Meilhan and the second author showed that any Milnor "p- 
invariant of length between 3 and Ik + 1 can be represented as a combination 
of HOMFLYPT polynomial of knots obtained by certain band sum of the link 
components, if all /I-invariants of length < k vanish. They also showed that 
their formula does not hold for length 2fc + 2. In this paper, we improve 
5-H _ their formula to give the /I-invariants of length 2fc + 2 by adding correction 

terms. The correction terms can be given by a combination of HOMFLYPT 
^T ' polynomial of knots determined by /I-invariants of length k + 1. In particular, 

for any 4-component link the /I-invariants of length 4 are given by our formula, 
since all /I-invariants of length 1 vanish. 



1. Introduction 



< 

H 
O 

Cd ' For an ordered, oriented link in the 3-sphere, J. Milnor |8] defined a family 

of invariants, known as Milnor Jl-invariants. For an n-component link L, Milnor 
invariant is specified by a sequence / of numbers in {1, 2, . . . , n} and denoted by 
Ji L {I). The length of the sequence / is called the length of the Milnor invariant 
~p, L (I). It is known that Milnor invariants of length two are just linking numbers. 
f~^ . In general, Milnor invariant JL L (I) is only well-defined modulo the greatest common 

[ — ' divisor Ai(7) of all Milnor invariants ~p L (J) such that J is obtained from / by 

removing at least one index and permuting the remaining indices cyclicly. If the 
sequence is non-repeated, then this invariant is also link-homotopy invariant and we 
call it Milnor link-homotopy invariant. Here, the link-homotopy is an equivalence 
relation generated by self-crossing changes. 

In [SJ, M. Polyak gave a formula expressing Milnor invariant of length 3, and in 
[BJ, J-B. Meilhan and the second author generalized it. More precisely, in [BJ they 
showed that any Milnor invariant of length between 3 and 2fc + 1 can be represented 
as a combination of HOMFLYPT polynomial of knots obtained by certain band 
sum of the link components, if all Milnor invariants of length < k vanish. Their 
assumption that a link has vanishing Milnor invariants of length < k is essential to 
compute Milnor invariants of length up to 2k + 1 via their formula. In fact, their 
formula does not hold for length 2fc + 2 ([BJ Section 7]). 

In this paper, we improve their formula to give the Milnor invariants of length 
Ik + 2 by adding correction terms. Our formula implies that any Milnor invari- 
ant of length 2fc + 2 can be given by a combination of HOMFLYPT polynomial 
of knots obtained by certain band sum operations and knots determined by the 
first non vanishing Milnor invariants, which are Milnor invariants of length k + 1 
(Theorem II. ip . In particular, the Milnor invariants of length 4 for any link are 
given by our formula, since all Milnor invariants of length 1 vanish by the definition 
(Theorem Oj) . 
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2 YUKA KOTORII AND AKIRA YASUHARA 

Recall that the HOMFLYPT polynomial of a knot K is of the form P(K; t, z) = 
J2k=a P ^(K;t)z 2k and denote by P (0 (K) the l-th derivative of P {K;t) e Z[£±] 
evaluated at t — 1. Denote by (\ogPo(K)Y 1 ^ the l-th. derivative of \ogPo(K;t) 
evaluated at t — 1. We note that log Pq(K; t) is an additive invariant for knots under 
the connected sum, since the HOMFLYPT polynomial of knots is multiplicative. In 
particular, (log Po(K)Y 1 ^ is additive. It is known that P is a finite type invariant 
of degree I [4]. Since (logPo(-K'))^ is equal to Pq(K)^ phis a sum of products of 
Pq(K)^ , s with k < I, (logPo)^ is an additive finite type knot invariant of degree 
I. We also notice that (logP (^)) (0 = PqHk) for I = 1,2,3, since P (K; 1) = 1 
andP (1) (if;l) = 0. 

Let L — 1J™ =1 Li be an n-component link in S 3 . Let / = i±i2 ... i m be a sequence 
of m distinct elements of {1,2, ... ,n}. Let Bj be an oriented 2m-gon, and let 
Pj (j — 1,2, ... ,m) denote m mutually disjoint edges of dBi according to the 
boundary orientation. Suppose that Bj is embedded in S 3 such that B] n L = 
U~ = iPj, and such that each pj is contained in Lj. with opposite orientation. We 
call such a disk an I- fusion disk for L. For any subsequence J of /, we define 
the oriented knot Lj as the closure of ( (Uie{j} I>i) U dBj J \ ( (lj ie r ji L{) n dBj J , 
where {J} is the subset of {1,2, ...,n} formed by all indices appearing in the 
sequence J. 

Given a sequence / of elements of {1,2,..., n}, the notation J < I will be used 
for any subsequence J of /, possibly empty or equal to / itself, and |/| will denote 
the length of the sequence I. 

Theorem 1.1. Let L be an n-component link in S 3 (n > 4) with vanishing Milnor 
link-homotopy invariants of length < k. Then for any sequence I of length 2k + 2 
of elements of {1, 2, . . . , n} without repeated number and for any I-fusion disk for 
L, we have 

MI) = - (2fc+ i 1 )!2 2 fc+ i E(-l) |J| (logPo(^)) (2fc+1) -S L (I) (mod A L (/)), 

where 8l {I) is an invariant of L that determined by Milnor invariants for length- 
(k + 1) subsequences of I which is defined in Subsection 2.5. 

With the same assumption as in Theorem 11.11 the same formula but Sl (I) = 
holds for a sequence I with 3 < \I\ < 2k + 1 |BJ. 

We also give the case of 4-component links more clearly. 

Theorem 1.2. Let L be a 4-component link in S 3 . Then for any sequence I = 
*i*2*3*4 of distinct elements of {1, 2, 3, 4} and for any I-fusion disk for L, we have 

Vl(I) = -To EC -1 ) 1 " 7 '^ f( L j) ~ 2 X iih x i2u(xhi 3 +Xi 2 u - 1) ( mod a l{I)), 
j<i 

where Xij is the linking number of i-th component and j-th component of L. 

Remark 1.3. We note that x^ is divisible by Al(I) if if is a subsequence oil . Hence 
the correction term ■^Xi 1 i 3 Xi 2 i i (xi 1 i 3 + Xi 2 i 4 — 1) vanishes up to modulo Al(I) if 
either Xi x i 3 or Xi 2 i A is even. 

Remark 1.4. We can generalize Theorem 11.11 and Theorem 11.21 about all repeated 
sequences by the same arguments as those in [6l Introduction]. That is, we have 
formulae for not only Milnor link-homotopy invariants but also Milnor isotopy in- 
variants. 
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2. Preliminary 

2.1. String link. Let n be a positive integer, and let D 2 C R 2 be the unit disk 
equipped with n marked points xi, X2, ■ • ■ ,X n in its interior, lying in the diameter 
on the x-axis of R 2 . An n-string link (or n-component string link) is the image 
of a proper embedding U™ =1 [0, 1].; — ► D 2 x [0, 1] of the disjoint union U™ =1 [0, l]t of 
n copies of [0, 1] in D 2 x [0, 1], such that for each i the image of [0, l]j runs from 
(xj,0) to (xj,1). Each string of an n-string link is equipped with an (upward) 
orientation. The n-string link {xi,X2, . . • , x n } x [0, 1] in D 2 x [0, 1] is called the 
trivial n-string link and denoted by 1„. Let 2/1,2/2, • ■ • , 2M be points in dD 2 in 
Figure^l p% — Xiyi (i = 1, 2, . . . , n) and q^ = j/jXj+i (j = 1, 2, . . . , n — 1) segments, 
and q n an arc in D 2 connecting y n and X\ such that lj™ =1 (pi U (fo) bounds the 
shaded disk in Figure 01 Then for an n-string link I, the knot 

1 U ( U ((P* x W) U (W x t°' !]) U (® x {°») ) 
is called the closure knot of I. Note that the link 



/U 



(j(p 4 x{0,l}U2/ 2 x [0,1] 



is the closure I of £ in the usual sense. 

The set of isotopy classes of n-string links fixing the endpoints has a monoid 
structure, with composition given by the stacking product and with the trivial n- 
string link 1„ as unit element. Given two n-string links L and L', we denote their 
product by I x L', which is obtained by stacking L' above L and reparametrizing 
the ambient cylinder D 2 x [0, 1]. 

2.2. Clasper. Clasper is defined by K. Habiro [2 . Here we define only tree clasper. 
For a general definition of clasper, we refer the reader to [2]. 

Let L be a (string) link. A disk T embedded in S 3 (or D 2 x [0, 1]) is called a 
tree clasper for L if it satisfies the following three conditions: 

(1) T is decomposed into disks and bands, called edges, each of which connects 
two distinct disks. 

(2) The disks have either 1 or 3 incident edges. We call a disk with 1 incident 
edge a leaf. 

(3) T intersects L transversely, and the intersections are contained in the union 
of the interiors of the leaves. 

Throughout this paper, the drawing convention for claspers are those of [2j Fig- 
ure 7], unless otherwise specified. 

The degree of a tree clasper T is defined as the number of leaves minus 1. A tree 
clasper of degree k is called a Ck-tree. A tree clasper for a (string) link L is simple 
if each of its leaves intersects L at exactly one point. Let T be a simple tree clasper 
for an n-component (string) link L. The index of T is the collection of all integers 
i such that T intersects the i-th. component of L. 

Given a C^-tree T for a (string) link L, there is a procedure to construct a 
framed link j(T) in a regular neighborhood of T. Surgery along T means surgery 
along j(T). Since there exists an orientation-preserving homeomorphism, fixing 
the boundary, from the regular neighborhood N(T) of T to the manifold N(T)t 
obtained from N(T) by surgery along T, surgery along T can be regarded as a local 
move on L. We say that the resulting link Lt is obtained from L by surgery along 
T. For example, surgery along a simple C^-tree is a local move as illustrated in 
Figure Q] 
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Similarly, for a disjoint union of trees XiU. . .UT m for L, we can define LT l u...uT m 
as a link obtained by surgery along T\ U . . . U T m . We often regard L U T\ U . . . U T m 
as iTiu...uT m - 

The C/c -equivalence is an equivalence relation on (string) links generated by 
surgeries along Cfc-tree claspers and isotopies. We use the notation L^c k L' for 
Cfc-equivalent (string) links L and L' . 

2.3. Linear trees and planarity. For k > 3, a Cfc-tree T having the shape of 
the tree clasper in Figure Q] is called a linear Cfc-tree. The left-most and right- most 
leaves of T in Figure [1] are called the ends of T . 



(!) f- 



-e- -e- ■■• -e- 



-<b surg % 




Figure 1. Surgery along a simple tree. 

Now suppose that T is a linear Cfc-tree for some knot K, and denote its ends by 
/ and /'. Then the remaining k — 1 leaves of T can be labeled from 1 to k — 1, 
by travelling along the boundary of the disk T from / to /' so that all leaves are 
visited. We say that T is planar if, when traveling along K from / to /', either 
following or against the orientation, the labels of the leaves met successively are 
strictly increasing. 

Lemma 2.1. (^BJ Lemma 3.2],) Let T be a non-planar linear tree clasper for a knot 
K. Then P (K T ;t) = P (K;t). 



2.4. Presentation of link-homotopy classes for string links. Let A4k de- 
note the set of all sequences momi . . . m,k of fc + 1 non-repeating integers from 
{1, 2, . . . , n} such that mo < mi < m^ for 1 < I < k — 1. Let ?oii • • -ik be a 
subsequence of 12 • • ■ n, and let <Zm be a permutation of {ii, i2, • ■ • , ife-i}- Then 
M = ioa^i(ii) . . . dM{ik-x)ih is in -M-k and all elements of M.k can be realized in 
this way. Let Tm be the simple linear Cfc-tree for 1„ as illustrated in Figure [U 
where 



a M 



is the unique positive fc-braid which defined the permutation <zm and 
such that every pair of strings crosses at most one. In the figure, we also implicitely 
assume that all edges of Tm overpass all components of 1„. Let T M X be the Cfc-tree 
obtained from Tm by inserting a negative half-twist in the * marked edge in Fig- 
ure [2] We remark that a 'positive' half twist is chosen instead of a 'negative' one in 
[B] . Here we choose negative one for a technical reason for the proof of Theorem ll.2l 
Denote respectively by Vm and V M X the n-string links obtained from 1„ by 
surgery along Tm and T M X . The following theorem is stated in jBJ as a slight 
modified version of Theorem 4.3 in [TU] . 

Theorem 2.2. / [10L Theorem 4.3],[6j Theorem 4.1],) Any n-string link I is link- 
homotopic to string link l\ x 1% x • • • x l n —\, where 

_ f m {M) if i = l 

XM \ W (M)-^, a ... u (M) ifi>2. 



h = Yl v m m > where 
MeM, 

Here, in the product Y[*'<- »-< V? M 
order of M.%. 



MeM- v M ' th e string link V M M appears in the lexicographic 
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0,1/ 



x^^ 



«1«2 1k-\ 



«0 «1 «2 Sfc-1 



Figure 2. The C fe -trees T M and TV, 1 



2.5. The correction term. Let K^ and K^f N denote the knot closures of the 
string links Vj^ and V£ f x V$ respectively, where a; and y are integers, and M and 
N are subsequences of 12 ... n. 

Let / = ii%2 ■ ■ ■ i2k+2 be a sequence of {1, 2, . . . , n} without repeated number. 
Let ipi be a bijection from {1,2, ... ,2k + 2} to {i±, i%, ■ ■ ■ , i2k+2\ which sends any 
j to ij. Let S be the set of pairs (M, M') such that M and M' are non-successive 
subsequences of 12 . . . (2k + 2) with length k + 1, 1 < M and {M } n {Af} = 0. 
Then for a link i with vanishing Milnor link-homotopy invariants of length < k, 
Sl(I) is defined by 

P() ( K ^l(vi(M)),JZ l ( Vi (M'))\ \ ( 2fc+]! 

log- 



1 



(2fc 



l)!22fc+i Z^ 

y (M,M')£S 



Po 






'M,M' 
(<Pi(M)) 



Pa K 



,ii L (vi(M')y 



where </?/ (TO1TO2 ■ • .m/s+i) means the sequence <pi(nii)tp 1(7712) ■ ■ ■ tpi(mk+i) for a 
sequence m\rri2 ■ ■ . rrik+i- We note that the Milnor invariants of length fe + 1 for 
T are integer valued invariants and that they are given by linear combinations of 
Pq s by [SI Theorem 1.2]. We also note that 5l(I) is a link-homotopy invariant 
ofL. 



Example 2.3. Let I — iii2«3«4 be a sequence of {1, 2, 3, 4} without repeated number. 
Then S consists of a single pair (13, 24) of non-successive subsequences of 1234 and 

1 / , ° V !3.24 J 



MD = -3JJ3 



log- 



•o (*T& (ili3) ) Po ( 



^24 



(12*4)^ 



2.6. Calculus of claspers for parallel claspers. We shall need the following 
lemma for parallel tree claspers which is given in (6 . For a positive integer m, an 
m-parallel tree means a family of m parallel copies of a tree clasper. 



Lemma 2.4. ( / [6| Lemma 2.2],) Let m be a positive integer. Let T be an m-parallel 
Ck -tree for a (string) link L, andT' be a Cy -tree for L. HereT andT' are disjoint. 

(1) (Leaf slide) Let TUT' be obtained from TUT' by sliding a leaf f of T" over 
m parallel leaves of T (see Figure [5| (I))- Then, LtuT' is ambient isotopic to 
L^ ~ where Y denotes the m parallel copies of a Ck+k'-tree obtained by 
inserting a vertex v in the edge e of T and connecting v to the edge incident to f 
as shown in Figure^ (1) and where C is a disjoint union of Ck+k'+i-trees for L. 

(2) (Edge crossing change) Let TUT' be obtained from TUT' bypassing an edge of 
T" across m parallel edges ofT (see Figure\3\ (2)). Then, LtuT' *s ambient isotopic 
to Lj, -j^ „ „, , where H denotes the m parallel copies of a Ck+k'+i-tree obtained 
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by inserting a vertices in both edges, and connecting them by an edge as shown in 
Figured (2) and where C is a disjoint union of Ck+k'+2~trees for L. 



T' T 



GB-' 
m f 



jT, Y T t' 




m m 




I 



m m 



Figure 3. Leaf slide and edge crossing change involving parallel trees 



Remark 2.5. Leaf slides between Ct -trees for 1„ with the same index can be real- 
ized by link-homotopy, since it is realized by surgery along trees intersecting some 
component of 1„ more than twice and since a surgery along such trees is realized by 
link-homotopy [TJ Lemma 1.2]. Hence, in Subsection 2.4, V^ M is link-homotopic to 
(1„) t -m , where T^ M is \x M \ parallel copies of t^ /]xm1 . Note that V^ M = (1„) t *m 
if xm > 0. 



3. Proof of Theorem 11.11 

Our strategy of the proof is similar to that in [5] Proof of Theorem 1.1]. In fact, 
we will use terms 'good position' and 'balanced' for trees which are defined in 
Proof of Theorem 1.1] and deform, up to C„-equivalence, a balanced set of trees 
with keeping it balanced as well. The big difference is that we have to treat Cfc-trees 
(n = 2k + 2) while they did not need to do. We will repeat same arguments as [B} 
Proof of Theorem 1.1] part way. We remark that a finite type invariant of degree 
< n — 1 is an invariant of C n - equivalence [2j, in particular log(Po(-fO) i s an 

additive invariant of C„-equivalence. 

Let L — UiLi Li be an n-component link in S 3 . Let /be a sequence of 2fc + 2 



distinct elements of {1, 2, 



i}. It is sufficient to consider here the case 2fc + 2 = 



because, if 2k + 2 < n, we have that ^^{1) = /im. z^CO- We may further 
assume that / = 12 ... n without loss of generality. Indeed, for any permutation 
I' of 12 . . . n, we have that ~p L (I') = ~p L , (12 . . . n), where L' is obtained from L by 
reordering the components appropriately. 

Let Bi be an /-fusion disk for L. Up to isotopy, we may assume that the 2n-gon 
Bi lies in the unit disk D 2 as shown in Figure |4l where the edges pj (j — 1,2, ... ,n) 
are defined by pj = Xjyj. We may furthermore assume that LUB/ lies in the 
cylinder D 2 x [0, 1], such that Bi C (D 2 x {0}), and such that 

n 

L n d(D 2 x [0, 1]) = |J (fe x {0, 1}) U ({%} x [0, 1]) 



Then, we obtain an ?i-string link a whose closure a is the link L, by setting 



a := L \ (L n d{D 2 x [0,1])). 
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Figure 4. The 2n-gon Bj lying in the unit disk D 2 . 



For an ro-string link a — Ui=i CT * an< ^ f° r a subsequence J of 7 = 12 . . . n, we 
denote by a (J) the knot 



(U *O ua *') x ((.LJ *■ 



je{J} 



ie{J} 



nae. 



We note that the knot <r(7) is equal to the closure knot of a defined in Subsection 2.1. 
Let a be the n-string link with the closure L defined as above. By combin- 
ing Theorem 12.21 Remark 12.51 and the assumption that Milnor link-homotopy 
invariants of length < k vanish, a is link-homotopic to Ik X ••• X fefc+ij where 
li — I1mgA4- (1")t :cm ■ Therefore there is a disjoint union i?i of simple Ci-trees 
whose leaves intersect a single component of Ik X • • • X /2/c+i such that i?i is disjoint 



from (J^ 



Set 



then we have 



^JMiEMi -Tm 



and 



(J* x 



2fc+l 



x; 



2HUfli 



«-u u 



± M 



i— fc 



va/ga^ 



O" = (ln)GURi- 

Moreover, by combining Lemmas 4.3 and 4.4 in [6J, we have the following: 

(3.1) Ji L (I) = x/ (mod A L (7)), 

and 



(3.2) 



A L {I) = gcd{x M \ M < I,M ^ I}. 



A tree for 1„ is said to be in good position if each component of 1„ underpasses 
all edges of the tree. Note that each tree of G is in good position. On the other 
hand, a tree of R\ may not be in good position. We now replace R± with some 
trees with good position up to C„-equivalence. By ^ Proposition 4.5], we have 



(In) 



GUfli 



(In) 



GUfi, 



where R is a disjoint union of simple trees for l n in good position and intersecting 
some component of 1„ more than once. 

It follows from Lemma r2.ll that for any J < I, 

Po((ln)GUR(J)) = P ((l n ) SyJR (J)), 

where G is obtained from G by eliminating non-planar trees for (1„)(7). That is, 



2fe+l 



e=U 



i—k 



u 

hlGMi,M<I 



rpXM 
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Here, since Ai(7) divides all xm with M < I and M ^ I by (|3. 21) . we assume that 
each T*/ J is a disjoint union of A L (7) parallel copies of t^ m/1xm1 . 

We now define the weight of a tree t for the trivial knot as a subset of {1, 2, . . . , n} 
and denote it by w(t). A disjoint union gi U . . . U g s of s trees (possibly parallel) 
for the trivial knot U is balanced if each tree has a weight such that 

^)2u*(^~c»tf(u„ (w)c{J} „)' 

for any J < I. 

For the knot (l n )g ui j(I), we may think of G U R as trees F for the trivial knot 
U(— (1„)(7)). We assign the index of each tree of F as weight. Here we recall that 
the index of a tree for a (string) link is the collection of all integers i such that the 
tree intersects the i-th component of the (string) link. We may assume that each 
tree with index C {J} is also a tree for (1„)(J). Then it is obvious that for any 
J <I 

where LLmcIJ} 9 means the union of trees g of F with weight C {J}. Since GL)R is 
in good position, ((In )(</)) a i i and [//. , \ have a common diagram 

in _D 2 x {0}, and hence they are ambient isotopic. In particular F is balanced. 

Remark 3.1. When we perform a leaf slide or an edge crossing change between two 
trees in a balanced union of trees as in Lemma 12.41 we assign the union of weights 
as weight to each of new trees. More precisely, in Lemma [2.41 (1) (resp. (2)), we 
assign the weights w(T) and w(T') to T and T' respectively, and assign the union 
w{T) U w(T') to Y (resp. H) and each connected component of C (resp. C). We 
note that the union of resulting trees is also balanced. 

So far, the proof is the same as [BJ Proof of Theorem 1.1]. In [5], they deform F 
into a balanced union of 'localized' tree for the trivial knot U up to C„-equivalence. 
But in that case, there are no C^-trees (n = 2k + 2). The main difficulty of our proof 
is how to treat such Cfc-trees. In the following, we first deform F into a balanced 
union of 'separated' trees for U except for C^-trees, and then deform the C^-trees 
into suitable shape. Here 'localized' implies 'separated'. We use 'separated' instead 
of 'localized', since we notice that we do not need to such a strong condition as 
'localized'. So we also slightly modify [6l Proof of Theorem 1.1] in this sense. 

For M G M.i (i — k, . . . , 2k+l), we denote by tj^ the tree of F which corresponds 
to T±/ of G. Set 

d:= (J t x ^, said D:=U d . 

MeMk,M<I 

Then Up is obtained from D by surgery along the trees of F \ d. By using leaf 
slides and edge crossing changes, we will deform, up to C^-equivalence, F into a 
balanced set of 'separated' trees for U with fixing d as in claim below. 

Claim 3.2. The knot Uf is C„-equivalent to the connected sum T'#(#j</C J ) of 
knots D and C J (J < I), where C J is a knot obtained from the trivial knot by 
surgery along a disjoint union Fj of trees with weight {J} and the set d\J(\J J<I Fj) 
is balanced. Moreover Fj consists of the parallel tree fj 1 and Ai(/)-parallel C2/J+1- 
trees. 

We define that a tree has full weight if the degree of the tree plus one is equal 
to the number of weight of the tree. We define that a tree is repeated if the degree 
of the tree is more than or equal to the number of weight of the tree. 
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Proof. We take mutually disjoint 3-balls Nj ({J} e 2< 1 ' 2 '-> n >) such that (Nj, NjD 
D) is a trivial ball-arc pair and Nj n d — 0. By using leaf slides and edge crossing 
changes, i.e., by Lemma 12.41 and Remark 13. 11 we may assume that all trees except 
for d with weight {J} are contained in the interior of Nj up to C n -equivalence 
with keeping the set of trees balanced. Then we have that Up is C n -equivalent to 
Df/=(#j < iC J ) and C J is obtained from U by surgery along trees contained in Nj. 
which are trees with weight {«/}. 

To complete the proof, we need to show that the trees Fi in Nj consists of the 
parallel tree t Xl and some Ax(/)-parallel C2fe+i-trees. Since tj is C2fc+i-tree and 
n = 2k + 2, by Lemma [2^41 we can freely move t Xl into Nj up to C„-equivalence. By 
Remark 1 3 . 1 1 and the observation below, we see that whenever we apply Lemma l2.41 
the new trees we get are repeated or have full weight. Moreover trees have full 
weight only if they are Ax(/)-parallel trees. Hence we obtain the claim. □ 



Observation 3.3. We always move Ax, (I)-parallel trees together. If a leaf of new 
tree obtained by a leaf slide or an edge crossing change interrupts a parallel leaf 
of a parallel tree, then we sweep the new leaf out of the parallel leaf up to C n - 
equivalence. Since the degrees of parallel trees are at least k and the new tree at 
least k+1, we can do such sweeping out easily up to C„-equivalence by Lemma [2^41 

We consider a leaf slide between a full weight Ax(/)-parallel tree t and a repeated 
tree £'. Let m be the degree of t and I the degree of t'. If w(t) fl w(t') = 0, then a 
new C m +/-tree, which is a Ax(/)-parallel tree, has a weight consisting of at most 
m + I + 1 elements and new C m +;+i-trees are repeated. If w(t) f] w(t') ^ 0, then 
all new trees are repeated. 

We consider a leaf slide between full weight parallel trees t and t' . We may 
assume that the degree of t is at least k + 1 and the degree of t' is at least k. Then 
the new trees are Ax (i)-parallel trees with degree at least n — 1 . 

A leaf slide between repeated trees and an edge crossing change for any case give 
only repeated trees. 

Now we consider D in Claim I3T21 Let 5° be the set of pairs (M,M') such that 
M and M' are subsequences of I with length k + 1, 1 < M, and {M } n {M 1 } = 0. 
We also denote by Sk the subset of 5° such that both sequences M and M' are not 
successive. We note that 



U (4fu*M A n= U ' 

(M,Af')6Sj> MeM k ,M<I 



XM 

M 



We separate d into pairwise trees t x ^ U t^/ ((M, M') £ S%) by leaf slides and 
edge crossing changes between different pair of parallel trees. For two parallel trees 
t%? and t x N N which are not pair, we note that w(t M ) n w(t N ) = {M} f) {N} ^ 0. 
Therefore, when we apply leaf slides or edge crossing changes between t™ and f^ , 
we obtain new trees with degree at least 2k which are Ax (i)-parallel trees with full 
weight and/or repeated trees. 

We denote by du the parallel tree t 3 ^ 1 if xm > and the disjoint union of trees 
obtained from t^' ' by inserting a negative half twist in an edge of each component 
so that each component of du is equal to t~^ if Xm < 0. Then we note that 

Klf = U dM and K X M %*" = U dMUdM ,. 

By using leaf slides, we have 

U t «M ~c 2k u d M and 17 ( . Mut v ~c 2k U dM ud M ,, 
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where the C2fc-equivalen.ce is realized by surgery along repeated C2fc-trees. Hence 
we have that D is C„ -equivalent to the connected sum -D'#(#(M,M')e5 ^MUd M /)) 
where D' is obtained from U by surgery along a union of repeated trees. Set 



D ■=#(M,M')es«Ud M ud M ,, andrf:= (J 



a M - 
MeMk,M<i 

Hence £)#(#j</C J ) is C n - equivalent to D'#D#{#j < iC J ). By the same reason 
as Claim I3~2l we have the following claim. 

Claim 3.4. The knot Uf is C„-equivalent to £'#(#j</C' / ), where C J is a knot 
obtained from the trivial knot by surgery along a disjoint union Fj of trees with 
weight {J} and dU (Uj<j Fj) i s balanced. Moreover Fj consists of the parallel tree 
tj 1 and Ax,(J)-parallel C^+i-trees. 

Now we have 

J2(-V lJ] QogPo(Lj))( n -V = ^(-l)l J l(logP ( J D J #(#. / , <J C J ')))( n - 1 ) 

= ^Tl-i^'GogPo^))^ 

+E(- 1 ) |J| E( lo g p o( 5J ')) (n " 1) ' 

where D J is a knot obtained from U by surgery along the union of trees in d whose 
weights are subsets of {J}. Note that D 1 = D(= #(m .m')gs° KITm™' ) ■ 
For J' < I and J' ^ I, the coefficient of {\ogP (C J ')^ n -^ in 



^(-i^^aogPo^'))^ 



is equal to 0, since 

E (- l ) lJl = E (-i) l{J}l + E (-i)i< j > u <°>i = 0, 

J'<J<I {./'}C{.7}C{/}\{a} {./'}C{J}C{/}\{a} 

where a is an element in {/} \ {J'}. Hence we have 

J2(-l) lJ] £ogPo(Lj))( n -V 

(3 3) J<1 ~ 

= ^(-l^lGogPoOD' 7 ))^- 1 ) + (logPolC 7 ))^- 1 ). 

j<i 

Note that (-1)" = (-l) 2fc + 2 = l. 
On the other hand, 

^(-l^iaogPo^))^- 1 ) 

= Yl (-l) |J| (logPo(5 J ))("- 1 ) + (logP (P / ))("- 1 ) 
J<I-J^I 

= J2 (-i) |J| (iogP)(5 J ))("- 1 )+ J2 (^sPo(Kt^r))^ 

J<J;J/7 (M,M')eS9 
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For a subsequence M of I with length k+1, the coefficient of (log P (^M f ))("~ 1 ) 
in Ej < i i j ft i(-l) W Qt>sMD J )) (n - 1) ^ 

E (-i) |J| = E( fc t 1 )x(- 1 ) l+fc+1 = - 1 - 

M<J;J=£I z=0 ^ ' 

This implies that 

Ec-^'^aogPop- 7 ))^- 15 

= E ((logPoC^M"'))^" 15 - (logPo(^ M )) (n - 1} - (log P (K x Jf' ))<"- r 

(M,M')eSJ 



(M,M')es°\ ' '•-m') P o( K m> 



^ \ ° g P (Klf)Po(Klp') 



If (M, M') G 5° \<Sfc, then oIm and djvf' are separated by a 2-sphere since either M 
or M' is a successive sequence. Hence we have 

Km M m' M ' = k m'#KIP' ((M, M') G 5 fc ° \ 5,). 
It follows that 
(3.4) 



Et-i^'aogPoP- 7 ))^- 13 = E lo § 

J<I (M,M')eS k \ 



r 0V K M,M> ) \ 



Po(Klf)P (K x M r) 



= -{n-l)\2 n - l 5 L {I). 

We now consider C 1 . Let hf L{I \hf L{I \ . . . , ^ i(7) be the A L (^-parallel C 2k +i- 
trees in Fj \t X j' . Then by using leaf slides and edge crossing changes, we have that 

& ~ c „ (\xi\ x U* z/l » zl )#(A L (I) x (#r =1 tf h J), 

where for positive integer x and for a knot K, x x K denotes the connected sum of 
x copies of K. By combining [5J Lemma 3.1 and Claim 5.3 (2)] and (|3.1j) . we have 

(3-5) - 1 1 ) , 2W _ 1 (logPo^))^- 1 ) = XI = Ji L {I) HdA L (I)). 

It follows from Equations (|3~3|) . (pT4")l and ([33]) that 

MlOO = - r -_ 1 1 V2 n-l E(- 1 )' J| ( 1 °g JJ °(^)) (n " 1) - ^W ( m ° d A ^ J ))- 
^ >' J<I 



4. Proof of Theorem 11.21 

4.1. HOMFLYPT polynomial. First of all, we recall the definition of the HOM- 
FLYPT polynomial, and mention a few useful properties. 

The HOMFLYPT polynomial P(L;t,z) G Z[t ±l ,z ±l ] of an oriented link L is 
defined by the following formulas: 

(1) P(U;t,z) = 1, and 

(2) t- l P{L+;t, z) - tP(i_; t, z) = zP(L ; t, z), 



12 



YUKA KOTORII AND AKIRA YASUHARA 



where U denotes the trivial knot and where L + , L_ and Lq are three links that are 
identical except in a 3-ball, where they look as follows: 



L, 




; l + 



/ 



; L+ 



In particular, the HOMFLYPT polynomial of an r-component link L is of the form 

N 



P(L;t,z) = ^P 2 fc-l-r(£;*> 



2fc-l-r 



fe=l 



where P2k-i-r(L;t) e Z[i ±:L ] is called the (2k — 1 — r)-th coefficient polynomial of 
L. Furthermore, the lowest degree coefficient polynomial of L is given by 



(4.1) 



Pi_ r (L;*) =i 2 "(i) (t -i _t)-iJ]p (L i; i), 



where L^ is the i-th component of L and Lk(L) is the total linking numbers, see [5] 
Prop. 22]. 



4.2. Proof of Theorem 11.21 We may assume that / = 1234 by the same reason 
as those in the proof of Theorem ll.il By leaf slides and edge crossing changes, we 
deform the shape of a disjoint union d,M of C± -trees which appears in the proof of 
Theorem 11.11 (here k — 1) so that the knot Ud M is as illustrated in Figure [SJ which 
is ambient isotopic to the trivial knot. Since these deformation can be realized 
by surgery along repeated trees, we obtain Theorem 11.11 for the case when k = 1 
but different correction term. We remark that the difference of correction terms 
vanishes modulo A^ (J) . Here we have that the new correction term is 

(logP (tf(zi3,Z24))) (3) , 

where Xij — ~fii,{ij) and K(m,n) is a knot as illustrated in Figure El Since 
(logP ) (3) = -P (3) . we have 

(4.2) H L {I) = 1 ^(-1)I J I Pl> 3 \Lj) + Lp(V K{xi3:X2i) (mod A L (/)). 



48 



j<i 




where 



x M < 



x M > 



1 2 ■■•• x M \ 

Figure 5. 



We calculate Po(K(m, n)). Using the relation of the HOMFLYPT polynomial, 
we obtain the relation 



(4.3) 



P (K(m,n)) = t 2e P (K(m ,- e,n)) + ef P_i(i(n)), 
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1:5 




where 



n< 



n>0 



u- 



m < 



m > 



i 2 ••■■ n 



Figure 6. K(m,n) 

where L(n) is illustrated in Figure[71 and e = 1 (resp. —1) if m > (resp. to < 0). 
Since Lk(L(n)) = n and each component of L(n) is trivial, it follows from (|4.1j) 
that 

(4.4) P_ 1 (L(n);t)=i 2 "(i- 1 -t). 

By combining (|4.3|l and (J4.4I) . 



P (ii'(m,n)) =r e P (^(™-£,ri))+et 



2n-l+e _ £ ^2n+l+E 



Since for each e(g { — 1, 1}) 



we have 
and hence 



.2n-l+e _ ,2n+l+e _ ,2n _ ,2n+2e 



P (K(m,n)) - t 2n = t 26 (P (K(m - e,n) - t 2n ), 



P (K(m,n)) - t 2n = t 2e ^(P (K(0, n) - t 2n ) = t 2m (l - t 2n ). 
It follows that we have 

Po(K(m, n)) = t 2m + t 2n - t 2m+2n , 
and so we have 
(4.5) P^ 3) (K(m,n)) = -24mn(m + n- 1). 



•J 



1 2 •■■• n 



where 



n<0 



n> 



Figure 7. L(n) 
By (I4.2J) and f|4.5[> we have the required formula 
VlV) = -i ^(-l) |J| P (3) (i./) - lx 13 x 24 (x 13 + x 24 - 1) (mod A L (I)). 



3!2 3 



J</ 
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